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Abstract
Let γ and κ be infinite cardinals and λ a cardinal. A subspace A of a space X is said to be
Pγ (locally-finite)-embedded in X if every locally finite partition of unity with cardinality  γ on
A can be extended to a locally finite partition of unity on X; this extension property was defined
by Dydak recently. In this paper, introducing a space Jγ (κ) and a class of spaces called spaces
of type t (γ , κ,λ), we characterize Pγ (locally-finite)-embedding by products with these spaces. We
also characterize extendability of locally finite κ+-open covers U of a closed subspace A of a normal
space X to those of X by products with these spaces; this extends Przymusin´ski’s result in 1984 of
the case |U | = ω. We apply this result to give characterizations of functionally Kateˇtov spaces and
Kateˇtov spaces by rectangular normality of products with these spaces.  2002 Elsevier Science B.V.
All rights reserved.
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1. Introduction
All spaces are assumed to be T1-spaces. The letter γ denotes an infinite cardinal, and
κ and λ denote cardinals. The letter I denotes the closed unit interval [0,1]. Recently,
in [4], Dydak defined that a subspace A of a space X is Pγ(locally-finite)-embedded in X
if for every locally finite partition {pα : α ∈Ω} of unity on A with |Ω | γ , there exists a
locally finite partition {qα: α ∈Ω} of unity on X such that qα|A= pα for every α ∈ Ω .
A subspaceA of a spaceX is said to be P (locally-finite)-embedded inX ifA is Pγ (locally-
finite)-embedded in X for every γ . A subspace A of a space X is said to be Pγ -embedded
E-mail address: kaori@math.tsukuba.ac.jp (K. Yamazaki).
0166-8641/02/$ – see front matter  2002 Elsevier Science B.V. All rights reserved.
PII: S0166-8641(01)0 01 62 -6
454 K. Yamazaki / Topology and its Applications 122 (2002) 453–466
in X if for every locally finite cover U of cozero-sets of A with |U |  γ , there exists a
locally finite cover V of cozero-sets of X such that V ∧A (= {V ∩A: V ∈ V}) refines U .
A subspace A of a space X is said to be P -embedded in X if A is Pγ -embedded in X for
every γ . In [4], it is pointed out that Pγ (locally-finite)-embedding implies Pγ -embedding.
A subspace A of a space X is said to be C∗-embedded (respectively, C-embedded) in X
if every continuous real-valued bounded (respectively, real-valued) function on A can be
continuously extended overX. It is known that Pω-embedding equals to C-embedding [3].
Let X be a space and A a subspace of X. Let U = {Uα: α ∈ Ω} be an indexed
collection of subsets of A and V = {Vα: α ∈ Ω} an indexed collection of subsets of X.
If Vα ∩ A = Uα for every α ∈ Ω , we say U is extended to V . In the previous paper [22,
Theorem 3.1], it was obtained that A is Pγ (locally-finite)-embedded in X if and only if
every locally finite cover U of cozero-sets of A with |U | γ can be extended to a locally
finite cover of cozero-sets of X; Przymusin´ski–Wage proved this fact assuming that X is
normal and A is closed in X [20, Theorem 2]. We use this equivalence without reference
throughout the paper. It is known that every closed subspace of X is Pγ -embedded
in X if and only if X is γ -collectionwise normal. On the other hand, with the above
characterization of Pγ (locally-finite)-embedding, we can see that every closed subspace
ofX is P (locally-finite)-embedded (respectively,Pω(locally-finite)-embedded) in X if and
only if X is functionally Kateˇtov (respectively, countably functionally Kateˇtov) (see [20]
for the definitions).
In [18], Przymusin´ski proved the following:
Theorem 1.1 (Przymusin´ski [18, Proposition 2.2]). Let κ be a cardinal, X a normal space
and A a closed subspace of X. Then, the following statements are equivalent: 1
(1) every countable locally finite cover of open Fκ -sets of A can be extended to a locally
finite open cover of X;
(2) A× J (κ) is C∗-embedded in X× J (κ);
(3) A× J0(κ) is C∗-embedded in X× J0(κ).
Here, J (κ) is the hedgehog with κ spines and J0(κ) is the zero-dimensional subspace
of J (κ) defined below.
In this paper, we define a space Jγ (κ) and the class of spaces called spaces of type
t (γ , κ,λ). Our main purpose is to describe P (locally-finite)-embedding by products with
these spaces as follows:
Theorem 1.2. Let X be a space, A a subspace of X and γ an infinite cardinal. Then, the
following statements are equivalent:
(1) A is Pγ (locally-finite)-embedded in X;
(2) A× Y is C∗-embedded in X× Y for every space Y of type t (γ ,ω, γ );
(3) A× Jγ (ω) is C∗-embedded in X× Jγ (ω).
1 In [18, Proposition 2.2], “C∗-embedding” in (2) and (3) is written as “C-embedding”. However Przymusin´ski’s
proof actually shows C∗-embedding of them, and only comments about C-embedding. If we use [6, Theorem 1.1]
or [21, Theorem 1.1], C-embedding of (2) or (3) is implied by C∗-embedding.
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Moreover, we extend Theorem 1.1 to general cardinals as follows:
Theorem 1.3. Let X be a normal space, A a closed subspace of X and γ and κ infinite
cardinals. Then, the following statements are equivalent:
(1) every locally finite κ+-open cover U of A with |U | γ can be extended to a locally
finite κ+-open cover of X;
(2) A× Y is C∗-embedded in X× Y for every space Y of type t (γ , κ, γ );
(3) A× Jγ (κ) is C∗-embedded in X× Jγ (κ).
As applications of Theorem 1.3, we will describe (functionally) Kateˇtov spaces
by rectangular normality of products with Jγ (κ) and spaces of type t (γ , κ, γ ) (see
Theorem 3.1).
Let κ be a cardinal. A subspace A of a space X is called an Fκ -set if it is the union of κ
many closed sets in X. In [14], a subspace A of a space X is called a κ-open set if it is the
union of less than κ many cozero-sets of X. The complement of a κ-open set is called a κ-
closed set. The letter κ+ denotes the smallest cardinal number larger than κ . In particular,
ω1-open sets mean cozero-sets. A κ-open cover (respectively, κ-open collection) of a space
X means a cover (respectively, a collection) consisting κ-open sets of X.
Let κ be a cardinal. Let Iβ = I × {β} for every β < κ . Define the equivalence relation
E on
⋃
β<κ Iβ such as (x,β1)E(y,β2) whenever x = y = 0 or (x = y and β1 = β2).
We denote J (κ) the set of all equivalence classes of E and define a metric on J (κ) as
follows: ρ((x,β1), (y,β2))= |x− y| if β1 = β2; x + y if ξ1 = ξ2, otherwise. We call J (κ)
with this metric the hedgehog with κ spines. We denote p the class of J (κ) consisting of
(0, β),β < κ . The letter 〈x,β〉 denotes the equivalence class of (x,β). The letter J0(κ)
denotes the subspace {p} ∪ {〈1/n,β〉: n ∈N, β < κ} of J (κ).
Let γ be an infinite cardinal and κ a cardinal. The letter [γ ]<ω stands for {λ ⊂ γ : |λ|
is finite}. Let Jγ (κ)= {p} ∪ {(α,β): α < γ, β < κ} be a space satisfying that the point p
has basic neighborhoods of the form
{p} ∪ {(α,β): α ∈ γ − δ, β < κ}, δ ∈ [γ ]<ω,
and other points (α,β) are isolated. From now on, we denote points (α,β) by 〈α,β〉
according to J (κ). Notice that, for each β < κ , {p} ∪ {〈α,β〉: α < γ } can be regarded as
A(γ ), where A(γ ) is the one-point compactification of the discrete space with cardinality
γ . Note that Jγ (1)=A(γ ) and Jω(κ) can be regarded as J0(κ).
Let γ be an infinite cardinal and κ and λ be cardinals. A Tychonoff space Y is said to be
a space of type t (γ , κ,λ) if Y satisfies the following conditions:
(1) Y can be represented as Y ′ ∪ {p}, where p /∈ Y ′;
(2) there exist a locally finite open cover {Uβα : α < γ, β < κ} of Y ′ with w(Uβα )  λ
for every α < γ and β < κ and a cover {Zβα : α < γ, β < κ} of compact sets of Y ′
such that Zβα ⊂Uβα for every α < γ and β < κ ;
(3) {Uδ(p): δ ∈ [γ ]<ω} is a neighborhood base of p, where Uδ(p) denotes {p} ∪⋃{Uβα : α ∈ γ − δ, β < κ} for every δ ∈ [γ ]<ω;
(4) for every δ ∈ [γ ]<ω, there exists δ′ ∈ [γ ]<ω with δ ⊂ δ′ such that (⋃{Uβα : α ∈
δ, β < κ})∩Uδ′(p)= ∅.
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Notice that the existence of {Zβα : α < γ, β < κ} of (2) implies local compactness and
paracompactness of Y ′. Hence we may assume each Uβα is a cozero-set of Y ′ and each Zβα
is a compact zero-set of Y ′. This will be frequently used.
The class of spaces of type t (γ , κ,λ) includes spaces listed below from (a) to (d) as
special cases.
(a) A(γ ) is of type t (γ ,1,1),
(b) J (κ) is of type t (ω, κ,ω),
(c) Jγ (κ) is of type t (γ , κ,1),
(d) A(⊕α<γ (λ+ 1)α) is of type t (γ ,1, λ),
where A(
⊕
α<γ (λ+ 1)α) is the one-point compactification of the topological sum of γ -
many (λ+ 1)s (with the usual topologies).
An easy proof shows that every space of type t (γ , κ,λ) is paracompact.
Other terminology are referred to [3,5,7].
2. Proofs of Theorems 1.2 and 1.3
In this section, first we introduce a key result, and apply it to prove Theorems 1.2 and 1.3.
Let X be a space and A a subspace of X. A subspace A is said to be well-embedded in X
if every zero-set of X disjoint from A is completely separated from A. It is well known that
A is C-embedded in X if and only if A is C∗- and well-embedded in X (see [3]). By [8], A
is said to beC1-embedded in X if every zero-set F of A is completely separated from every
zero-set of X disjoint from F . EveryC-embedded subspace in X is C1-embedded in X [8].
For an infinite cardinal κ , we say a subspace A of a space X satisfies the condition ($κ)
if every zero-set Z of A and every κ+-closed subset F of X with Z∩F = ∅, there exists a
cozero-set U of X such that Z ⊂ U and U ∩ F = ∅. Note that any subspace A of a space
X satisfies ($ω), and that every closed subspace A of a normal space X satisfies ($κ) for
every κ .
Theorem 2.1. Let γ and κ be infinite cardinals. For a space X and a subspace A of X,
consider the following conditions.
(1) Every locally finite κ+-open cover U of A with |U | γ can be extended to a locally
finite κ+-open cover of X, and A is Pγ -embedded in X.
(2) Every locally finite κ+-open collection U of A with |U |  γ can be extended to a
locally finite κ+-open collection of X, and A is Pγ -embedded in X.
(3) A× Y is C∗-embedded in X× Y for every space Y of type t (γ , κ, γ ).
(4) A× Jγ (κ) is C∗-embedded in X× Jγ (κ).
Then, the implications (1)⇒ (2) and (3)⇒ (4)⇒ (2) always hold. If A satisfies ($κ ),
then all conditions are equivalent.
Before the proof, we give a lemma; its proof is easy and omitted.
Lemma 2.2. Let γ be an infinite cardinal and κ and λ cardinals. Let X be a space and Y
a space of type t (γ , κ,λ). Let Y = Y ′ ∪ {p} and {Uβα : α < γ, β < κ} be as the definition
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of t (γ , κ,λ). Let g0 :X→ I and g :X× Y ′ → I be continuous functions and {Hα: α < γ }
a locally finite open collection of X. Let ψ :X × Y ′ → I be a continuous function which
satisfies that ψ−1((0,1])⊂⋃α<γ ⋃β<κ(Hα ×Uβα ). Define a function h :X× Y → I by
h(x, y)=
{
g0(x) if y = p,
ψ(x, y) · g(x, y)+ (1−ψ(x, y)) · g0(x) otherwise
for each (x, y) ∈X× Y . Then, h is continuous.
Remark 2.3. In Lemma 2.2, assume further that A is a subspace of X× Y satisfying that
pX(A)×{p} ⊂A, where pX :X×Y →X is the projection. If a function f :A→ I is given
so that g|(A∩ (X× Y ′))= f |(A∩ (X× Y ′)), {(x, y) ∈A: |f (x, y)− f (p,y)|> 1/3} ⊂
ψ−1({1}), {a ∈ X: f (a,p)  1/3} ⊂ g−10 ({0}) and {a ∈ X: f (a,p)  2/3} ⊂ g−10 ({1}),
then the function h defined above satisfies f−1({i})⊂ h−1({i}) (i = 0,1). This fact was
essentially proved by Przymusin´ski [18].
Proof of Theorem 2.1. (1)⇒ (2) and (3)⇒ (4): Obvious.
(4)⇒ (2): First we prove that A is Pγ -embedded in X. Since A(γ ) is homeomorphic
to {p} ∪ {〈α,0〉: α < γ }, we may say that A×A(γ ) is C∗-embedded in A× Jγ (ω). From
the assumption, A× A(γ ) is C∗-embedded in X × Jγ (ω), hence in X × A(γ ). By [12,
Theorem 1.5] or [16, Theorem 3], A is Pγ -embedded in X.
Let {Uα: α < γ } be a locally finite κ+-open collection of A. Since κ is infinite, Uα can
be expressed as Uα =⋃β<κ Fβα =⋃β<κ Wβα , where Fβα is a zero-set ofA, Wβα is a cozero-
set of A and Fβα ⊂Wβα for each β < κ . For every α < γ and β < κ , take a continuous
function f βα :A→ I satisfying that (f βα )−1({1})= Fβα and (f βα )−1({0})=A−Wβα . Define
a continuous function f :A × Jγ (κ)→ I as follows: f (x, y) = 0 if y = p; f (x, y) =
f
β




x ∈X: ∣∣g(x,p)− g(x, 〈α,β〉)∣∣> 1/2}
for each α < γ and β < κ . And, for every α < γ , put Vα =⋃β<κ V βα . Then, {Vα: α < γ }
is a locally finite κ+-open collection of X such that Vα ∩A= Uα for every α < γ . Hence
we have (2).
Next we prove (2)⇒ (1) and (2)⇒ (3) assuming that A satisfies ($κ ).
(2)⇒ (1): Assume that A satisfies ($κ). Let {Uα: α < γ } be a locally finite κ+-open
cover of A. By (2), there exists a locally finite κ+-open collection {Vα: α < γ } of X such
that Vα ∩A= Uα for every α < γ . Here Vα can be expressed as ⋃β<κ Wβα , where Wβα is
a cozero-set of X for every β < κ . Put V =⋃α<γ Vα . Since V =⋃β<κ(⋃α<γ Wβα ) and
{Wβα : α < γ } is a locally finite collection of cozero-sets of X, V is a κ+-open set of X.
By ($κ ), there exists a cozero-set U of X such that A ⊂ U and U ⊂ V . Since A is well-
embedded in X, there exists a cozero-set V ∗ of X such that V ∗ ∪U =X and A∩ V ∗ = ∅.
Replace V0 by V0 ∪ V ∗. Then, {Vα : α < γ } is the required locally finite κ+-open cover of
X extending {Uα: α < γ }. Hence we have (1).
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(2)⇒ (3): Assume that A satisfies ($κ). Let Y = Y ′ ∪ {p} be a space of type t (γ , κ, γ ),
where Y ′ = {〈α,β〉: α < γ, β < κ}. Let {Uβα : α < γ, β < κ} and {Zβα : α < γ, β < κ}
be the same as in the condition (2) of the definition of Y . Let f :A × Y → I be a
continuous function. Notice that A × Y ′ is C-embedded in X × Y ′ by [2] and [11]
(see [7, Theorem 3.18]). So, there exists a continuous function g :X × Y ′ → I such that
g|(A×Y ′)= f |(A×Y ′). SinceA is C∗-embedded in X, there exists a continuous function
g0 :X→ I such that{
x ∈A: f (x,p) 1/3}⊂ g−10 ({0}) and{
x ∈A: f (x,p) 2/3}⊂ g−10 ({1}).
For every α < γ and β < κ , define
Gβα =
{
x ∈A: ∣∣f (x,p)− f (x, y)∣∣> 1/6 for some y ∈Zβα} and
Kβα =
{
x ∈A: ∣∣f (x,p)− f (x, y)∣∣ 1/3 for some y ∈ Zβα}.
Since Zβα is compact, each Gβα is a cozero-set of A and Kβα is a zero-set of A. For every
α < γ , put Gα =⋃β<κ Gβα ; it is a κ+-open set of A. Notice that {Gα : α < γ } is locally
finite in A. By (2), there exists a locally finite κ+-open collection {Hα: α < γ } of X such
that Gα = Hα ∩ A for every α < γ . By ($κ ), for every α < γ and β < κ , there exists a


















Then,F ⊂G andG is a cozero-set ofX×Y ′. SinceKβα ×Zβα ⊂A×Uβα and {A×Uβα : α <
γ, β < κ} is a locally finite collection of cozero-sets of A×Y ′, {Kβα ×Zβα : α < γ, β < κ}
is a uniformly locally finite collection of zero-sets of A × Y ′. Hence, by [12] (see [7,
Lemma 1.3]), F is a zero-set of A× Y ′. Since A× Y ′ is C1-embedded in X × Y ′, there
exists a continuous function ψ :X× Y ′ → I such that F ⊂ψ−1({1}) and (X× Y ′)−G⊂
ψ−1({0}). Then, the function h :X × Y → I constructed as in Lemma 2.2 is continuous
and f−1({i}) ⊂ h−1({i}) (i = 0,1) (see Remark 2.3). Hence A× Y is C∗-embedded in
X× Y ; (3) is satisfied. It completes the proof. ✷
Proof of Theorem 1.2. Since A satisfies ($ω) and ω+-open sets mean cozero-sets,
Theorem 1.2 directly follows from Theorem 2.1. ✷
Proof of Theorem 1.3. Since X is normal and A is closed in X, A satisfies ($κ). Hence
all conditions of Theorem 2.1 are equivalent. To prove Theorem 1.3, it suffices to show
that (1) of Theorem 1.3 implies that A is Pγ (locally-finite)-embedded in X. To prove this,
let U = {Uα: α < γ } be a locally finite cover of cozero-sets of A. By (1) of Theorem 1.3,
there exists a locally finite κ+-open cover {Vα: α < γ } of X such that Vα ∩ A = Uα for
every α < γ . Since X is normal and A is closed in X, there exists a cozero-set Wα of X
such that Wα ∩A=Uα and Wα ⊂Uα for each α < γ . Take a cozero-setW ′ of X satisfying
that W ′ ∩A= ∅ and W ′ ∪⋃α<γ Wα =X. Replace W0 by W0 ∪W ′. Then, {Wα : α < γ }
is a locally finite cover of cozero-sets of X extending U . It completes the proof. ✷
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Remark 2.4. (a) The author does not know if all of the conditions in Theorem 2.1 are
equivalent without ($κ ). At least, either (1) or (4) in Theorem 2.1 need not imply ($κ ).
For consider the Tychonoff plank T = ((ω1 + 1)× (ω + 1))− {(ω1,ω)}. Let X = T and
A= ω1 × {ω}. Then, for κ = ω1 and any infinite cardinal γ , A satisfies conditions (1) and
(4), but not ($ω1) (cf. [14, footnote p. 6, English translation]).
(b) In Theorem 2.1, the infiniteness of κ is essential. Because, if κ is finite, the conditions
(1) and (2) are equal to Pγ (locally-finite)-embeddability of A, and the conditions (3) and
(4) are equal to Pγ -embeddability of A.
(c) Theorem 1.3 need not hold without the assumption of the normality of X if κ > ω.
Because for a non-normal countably compact Tychonoff space X with w(X)  κ , there
exists a closed subspace A of X which satisfies (1) but not satisfy (3).
On the case of γ = ω, Theorem 1.2 can also be stated as follows.
Corollary 2.5. Let X be a space and A a subspace of X. Then the following statements
are equivalent:
(1) A is Pω(locally-finite)-embedded in X;
(2) A× Y is C∗-embedded in X× Y for every space Y of type t (ω,ω,ω);
(3) A× J0(ω) is C∗-embedded in X× J0(ω);
(4) for some non-locally compact metric space Y , A× Y is C∗-embedded in X× Y ;
(5) A × Y is C∗-embedded in X × Y for every separable metric space Y such that
Y − Y1 is locally compact for some closed discrete subspace Y1 of Y .
To prove this, we need a lemma.
Lemma 2.6. Let γ and κ be infinite cardinals. Let X be a space and A a subspace of X.
Assume that A× Y is C∗-embedded in X× Y for every space Y of type t (ω, κ,ω). Then,
A×Y is C∗-embedded in X×Y for every metric space Y with weight κ such that Y −Y1
is locally compact for some closed discrete subspace Y1 of Y .
Proof. Let Z be a metric space with weight  κ such that Z′ = Z − {y0} is locally
compact for some point y0 ∈ Z. Take a local base {Un: n < ω} of y0 such that Z = U0
and Un+1 ⊂ Un for every n < ω. There exists a countable locally finite open cover
V =⋃n<ω Vn of Z′ such that each Vn = {V βn : β < κ} satisfies V βn ⊂Un−Un+2 for every
n < ω and β < κ and that V is compact for every V ∈ V . Hence it follows that Z is a space
of type t (ω, κ,ω).
To complete the proof, let Y be a metric space with w(Y ) κ and Y1 a closed discrete
subspace of Y satisfying that Y − Y1 is locally compact. Then, there exists a uniformly
locally finite closed cover Z of Y such that Z = Z1 ∪Z2, where Z1 consists of compact
subsets of Y andZ2 is a disjoint collection of subsets of Y satisfying that, for everyZ ∈Z2,
Z− {y0} is locally compact for some point y0 ∈Z. Hence, every member of Z2 is a space
of type t (ω, κ,ω). Then, A×Z is C∗-embedded in X×Z for every Z ∈Z . To show this,
first notice that A is C-embedded in X. Hence, if Z ∈ Z1, it follows from [2] that A×Z
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is C∗-embedded in X ×Z. If Z ∈ Z2, it follows from the assumption. Next, by Michael’s
Theorem (see [18, Theorem 2.1] or [7, Theorem 4.16]), A×Z is C∗-embedded in X× Y
for everyZ ∈Z . Moreover,A×(Z1∪Z2) is C∗-embedded in X×Y for everyZ1,Z2 ∈Z .
Indeed, if Z1,Z2 ∈ Z1 then Z1 ∪ Z2 is compact, if Z1,Z2 ∈ Z2 then Z1 ∩ Z2 = ∅, and if
Z1 ∈Z1 and Z2 ∈Z2 then Z1 ∪ Z2 is a space of type t (ω, κ,ω). Therefore by the similar
argument to the above, A × (Z1 ∪ Z2) is C∗-embedded in X × Y . It follows from [11]
(see [7, Theorem 3.18]) that A× Y is C∗-embedded in X× Y . It completes the proof. ✷
Proof of Corollary 2.5. (1)⇔ (2)⇔ (3): It follows from Theorem 1.2.
(3)⇒ (4) and (5)⇒ (3): Obvious.
(4)⇒ (3): It can be shown similarly to [18, Proposition 2.2].
(2)⇒ (5): It follows from Lemma 2.6. ✷
By Corollary 2.5, we have the following result; it gives the location of Pω(locally-finite)-
embedding in the realm of extension properties.
Corollary 2.7. LetX be a space andA a subspace ofX. IfA×Y is C∗-embedded inX×Y
for every metric space Y with w(Y ) ω, then A is Pω(locally-finite)-embedded in X.
On Corollary 2.7, the converse is not true (cf. [5, 5.1.32]) and ω need not be replaced by
a general cardinal γ (cf. [5, 5.5.3] or [15]).
Remark 2.8. On Theorems 1.2, 1.3 and 2.1, and Corollary 2.5, all of C∗-embedding can
be replaced by C-embedding (use [6, Theorem 1.1] or Lemma 3.7 below).
3. Applications
Let γ and κ be infinite cardinals. We say that a space X is (γ, κ)-Kateˇtov if X is normal
and every locally finite κ+-open cover with cardinality  γ of every closed subspace of X
is extended to a locally finite κ+-open cover of X. The notion of extending locally finite
open collections was originally introduced by Kateˇtov [9] and Przymusin´ski–Wage [20].
Notice that a space that is (γ, κ)-Kateˇtov for every γ and κ (respectively, (ω, κ)-Kateˇtov
for every κ , (γ,ω)-Kateˇtov for every γ , or (ω,ω)-Kateˇtov) means Kateˇtov (respectively,
countably Kateˇtov, functionally Kateˇtov or countably functionally Kateˇtov) space in [20].
Likewise [9], we have the following implications:
γ -collectionwise normal and countably paracompact
⇒ (γ, κ)-Kateˇtov
⇒ γ -collectionwise normal
Our main application of Theorem 1.3 is to characterize (γ, κ)-Kateˇtov spaces by
rectangular normality with Jγ (κ) and spaces of type t (γ , κ, γ ). A product space X × Y
is said to be rectangularly normal if for every closed subspace A of X and closed subspace
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B of Y , A×B is C-embedded in X× Y [18]. Przymusin´ski proved in [18, Theorems 2.3
and 2.4] that a space X is (ω, κ)-Kateˇtov if and only if X × J0(κ) (or X × J (κ)) is
rectangularly normal.
Theorem 3.1. Let X be a space and γ and κ infinite cardinals. Then, the following
statements are equivalent:
(1) X is (γ, κ)-Kateˇtov;
(2) X× Y is rectangularly normal for every space Y of type t (γ , κ, γ );
(3) X× Jγ (κ) is rectangularly normal.
We also characterize other properties listed above as follows:
Proposition 3.2. Let X be a space, γ an infinite cardinal and n ∈N. Then, the following
conditions are equivalent:
(1) X is γ -collectionwise normal;
(2) X× Y is rectangularly normal for every space Y of type t (γ , n, γ );
(3) X× Jγ (n) is rectangularly normal.
Proposition 3.3. Let X be a space, γ and λ infinite cardinals and κ a cardinal. Then, the
following statements are equivalent:
(1) X is γ -collectionwise normal and λ-paracompact;
(2) X× Y is normal for every space Y of type t (γ , κ,λ);
(3) X×A(⊕α<γ (λ+ 1)α) is normal.
Corollary 3.4. Let X be a space, γ an infinite cardinal and κ a cardinal. Then, the fol-
lowing statements are equivalent:
(1) X is γ -collectionwise normal and countably paracompact;
(2) X× Y is normal for every space Y of type t (γ , κ,ω);
(3) X× Jγ (κ) is normal.
Namely, X× Jγ (κ) is normal if and only if X× Jγ (1) is normal.
An equivalent condition similar to (3) in Proposition 3.3 was also obtained by Katuta
[10, Theorem 1.2]. Moreover, he proved in [10, Theorem 1.2] the equivalence of (1) and
the normality of X × Y for arbitrarily compact space Y with weight  γ and v(Y )  κ ,
and Ohta showed in [13] the condition v(Y ) can be replaced by a smaller cardinal u(Y )
(see [10,13] for the definitions of v and u). The equivalence of (1) in Corollary 3.4 and
the normality of X× Jγ (1) was proved by Alas [1]. An equivalent condition similar to (3)
was also obtained by Katuta [10, Proposition 3.6].
Let us proceed to the proofs. To prove Theorem 3.1, some preliminary results are needed.
Lemma 3.5. Let X be a Tychonoff space, A a compact subspace of X and Y a space.
Let h :Y → I and f :A× Y → I be continuous functions. Then, there exists a continuous
extension g :X × Y → I of f such that |g(x, y)− h(y)| εy for every (x, y) ∈ X × Y ,
where εy = sup{|h(y)− f (a, y)|: a ∈A}.
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Proof. Since A is π -embedded in X (see [7, Lemma 4.4]), there exists a continuous
extension fˆ :X× Y → I of f . Define a function g :X × Y → I by g(x, y)= (fˆ (x, y)∧
(h(y)+ εy)) ∨ (h(y)− εy) for each (x, y) ∈ X × Y . Then, g is the required continuous
extension of f . ✷
Lemma 3.6. Let γ be an infinite cardinal and κ and λ cardinals. Then, every closed
subspace of a space X of type t (γ , κ,λ) is π -embedded in X.
Proof. Let A be a closed subspace of a space X of type t (γ , κ,λ) and Y a space. Let
f :A×Y → I be a continuous function. LetX′ =X−{p} be a subspace as in the condition
(1) of type t (γ , κ,λ). Let {Uβα : α < γ, β < κ} and {Zβα : α < γ, β < κ} be the same as
in the condition (2) of the definition. Take a locally finite cover {V βα : α < γ, β < κ} of
cozero-sets of X′ such that V βα is compact and Zβα ⊂ V βα ⊂ V βα ⊂ Uβα for each α < γ and
β < κ .
Case 1. Assume p ∈ A. For every α < γ and β < κ , we shall define a continuous
function gβα :Uβα × Y → I as follows.
In case A ∩ V βα = ∅, by Lemma 3.5, take a continuous extension gβα :Uβα × Y → I of
f |(A ∩ V βα )× Y such that |gβα (x, y)− f (p,y)| sup{|f (a, y)− f (p,y)|: a ∈ A ∩ V βα }
for every (x, y) ∈ Uβα × Y .
In case A ∩ V βα = ∅, define a continuous function gβα :Uβα × Y → I by gβα (x, y) =
f (p,y) for each (x, y) ∈ Uβα × Y .
Let {pβα : α < γ, β < κ} be a partition of unity on X′ such that (pβα )−1((0,1])⊂ V βα for





α(x) · gβα (x, y): α < γ, β < κ
}
if x = p,
f (p,y) if x = p.
Clearly g is an extension of f . It is easy to see that g is continuous at (x, y) if x = p.
We shall show that g is continuous at (p, y). Let y ∈ Y and ε > 0. Since f is continuous,
there exist δ ∈ [γ ]<ω and a neighborhood O of y in Y such that |f (x ′, y ′)− f (p,y)| <
ε/4 for every (x ′, y ′) ∈ (Uδ(p) ∩ A) × O . Take δ′ ∈ [γ ]<ω with δ ⊂ δ′ such that
(
⋃{Uβα : α ∈ δ, β < κ}) ∩ Uδ′(p) = ∅. Let (x ′, y ′) ∈ Uδ′(p) × O . We shall show that
|g(x ′, y ′) − g(p,y)| < ε. We may assume x ′ = p, because the case of x ′ = p is easily
shown.
Let α ∈ γ − δ and β < κ satisfy that x ′ ∈ Uβα and A∩ V βα = ∅. Then,∣∣gβα (x ′, y ′)− f (p,y ′)∣∣ sup{∣∣f (a, y ′)− f (p,y ′)∣∣: a ∈A∩ V βα } ε/2.
It follows that∣∣gβα (x ′, y ′)− g(p,y)∣∣  ∣∣gβα (x ′, y ′)− f (p,y ′)∣∣+ ∣∣f (p,y ′)− f (p,y)∣∣
 ε/2+ ε/4= (3/4)ε.
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Let α ∈ γ − δ and β < κ satisfy that x ′ ∈ Uβα and A∩ V βα = ∅. Then,∣∣gβα (x ′, y ′)− g(p,y)∣∣  ∣∣gβα (x ′, y ′)− f (p,y ′)∣∣+ ∣∣f (p,y ′)− f (p,y)∣∣
 0+ ε/4= ε/4.
Let α < γ and β < κ . If pβα (x ′) > 0, then x ′ ∈ Uβα and α /∈ δ. Hence, it follows from the




∣∣gβα (x ′, y ′)− g(p,y)∣∣)< ε.
Case 2. Assume p /∈A. Define a continuous function f ′ : (A∪{p})×Y → I as follows:
f ′|(A×Y )= f and f ′(p, y)= 0 for each y ∈ Y . So it comes back to Case 1. It completes
the proof. ✷
Lemma 3.7. Let γ and λ be infinite cardinals and κ a cardinal. Let A be a Pλ-embedded
subspace of a space X and Y a space of type t (γ , κ,λ). Then, A× Y is well-embedded in
X× Y .
Proof. Let f :X×Y → I be a continuous function satisfying that f−1({0})∩(A×Y )= ∅.
From the definition of Y , for every α < γ and β < κ , we can take a cozero-set V βα of Y ′
such that V βα is compact and Zβα ⊂ V βα ⊂ V βα ⊂ Uβα . By [2,11], A× Y ′ is C-embedded in
X × Y ′. There exists a continuous function g :X × Y ′ → I such that A× Y ′ ⊂ g−1({0})
and f−1({0}) ∩ (X × Y ′)⊂ g−1({1}). Moreover, let g0 :X→ I be a continuous function
such that A ⊂ g−10 ({0}) and {x ∈ X: f (x,p) = 0} ⊂ g−10 ({1}). For every α < γ , β < κ
and n ∈N, put
Hnαβ =
{
x ∈X: ∣∣f (x, y)− f (x,p)∣∣> 1/(n+ 1) for some y ∈ V βα }.
Note that {⋃β<κ Hnαβ : α < γ } is locally finite in X for each n ∈N. Since V βα is compact,







Hnαβ × V βα
)
.
Then, Hn is a cozero-set of X× Y ′. For every n ∈N, let ψn :X× Y ′ → I be a continuous
function such that Hn = ψ−1n ((0,1]). For every n ∈ N, define a continuous function






(0,1]))∪ (g−10 ((0,1])× Y ),
which is a cozero-set of X × Y . Then one can show that (A × Y ) ∩ W = ∅ and that
f−1({0})⊂W . The proof is completed. ✷
Proof of Theorem 3.1. (1)⇒ (2): Let Y be a space of type t (γ , κ, γ ). Let A be a closed
subspace of X and B a closed subspace of Y . By Lemma 3.6, A× B is C-embedded in
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A× Y . It follows from Theorem 1.3 and Lemma 3.7 that A× Y is C-embedded in X× Y .
Hence, A×B is C-embedded in X× Y . Thus, X× Y is rectangularly normal.
(2)⇒ (3): Obvious.
(3)⇒ (1): The normality of X easily follows. It follows from Theorem 1.3 that X is
(γ, κ)-Kateˇtov. It completes the proof. ✷
Remark 3.8. On (2) in Theorem 3.1, t (γ , κ, γ ) can not be replaced by t (γ , κ,λ) in
general. Let X be a normal countably paracompact space which is not ω1-collectionwise
normal (e.g., [15]). Then, X has a closed subspace A which is not Pω1 -embedded in X.
Since every normal countably paracompact space is countably functionally Kateˇtov, A is
Pω(locally-finite)-embedded in X. Let Y = A(⊕n<ω(ω1 + 1)n). Then, A × Y need not
be C∗-embedded in X × Y for Y . Indeed, on the contrary, A × Y is C∗-embedded in
X × Y . By [7, Lemma 4.4] and the assumption, we have A× (ω1 + 1) is C∗-embedded
in X × (ω1 + 1). It follows from [12, Theorem 1.5] or [16, Theorem 3] that A is
Pω1 -embedded in X, it is a contradiction.
It is known that A is C-embedded in X if and only if A × Y is C∗- (or equivalently,
C-) embedded in X × Y for every locally compact metric space Y even if either Y is
separable or not. That is, this fact does not depend on the weight of Y . On the other hand,
the condition on the weight of Y is essential in the following result.
Corollary 3.9. A space X is (ω, κ)-Kateˇtov if and only if for every metric space Y with
w(Y )  κ having a closed discrete subspace Y1 with locally compact Y − Y1, X × Y is
rectangularly normal.
Proof. It suffices to show the “only if” part. Let X be a (ω, κ)-Kateˇtov space, Y a space as
in the proposition, A a closed subspace of X and B a closed subspace of Y . By Michael’s
Theorem (see [18, Theorem 2.1] or [7, Theorem 4.16]), A×B is C-embedded in A× Y .
By Lemma 2.6 and Theorem 3.1, A× Y is C∗-embedded in X× Y . By [6, Theorem 1.1],
A× Y is C-embedded in X× Y . Hence it follows that X× Y is rectangularly normal. ✷
Remark 3.10. Related to Corollary 3.9, Przymusin´ski states in [17, Theorem 4] that X
is countably Kateˇtov if and only if for every closed subset A of X and every σ -locally
compact metric space Y , A× Y is C∗-embedded in X × Y . However he gives its proof
only for the case of dimY = 0, and comments “I have a very complicated proof that
eliminates the assumption of dimY = 0” and asks the reasonable simple way of eliminating
dimY = 0. The author does not know whether if the general case is true.
Proof of Proposition 3.2. (1)⇒ (2): Let Y a space of type t (γ , n, γ ). Notice that Y is
compact Hausdorff and w(Y )  γ . By [7, Lemma 4.4] and [2], X × Y is rectangularly
normal.
(2)⇒ (3): Obvious.
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(3)⇒ (1): Let A be a closed subspace of X. Then, A × Jγ (n) is C∗-embedded in
X× Jγ (n). By [12, Theorem 1.5] or [16, Theorem 3], A is Pγ -embedded in X. Hence X
is γ -collectionwise normal; this completes the proof. ✷
Proof of Proposition 3.3. (1)⇒ (2): Let Y be a space of type t (γ , κ,λ) and F0 and F1
be disjoint closed subspaces of X× Y . Put A= F0 ∪ F1 ∪ (X × {p}). Since X is normal,
we can take a continuous function f :A→ I satisfying that f (Fi)= i (i = 0,1). Define a
function g0 :X→ I by
g0(x)= 0∨
(
3 · f (x,p)− 1)∧ 1.
Let
F ∗ = (F0 ∩ ({x ∈X: f (x,p) 1/3}× Y ))
∪ (F1 ∩ ({x ∈X: f (x,p) 2/3}× Y )).
Then, F ∗ is a closed subspace in X× Y disjoint from X× {p}. Let q :X× Y →X be the
projection. For every α < γ , put Aα = q(F ∗ ∩ (X ×⋃β<κ Zβα )). Then, {Aα: α < γ } is
locally finite in X. Since X is γ -collectionwise normal and countably paracompact, there



















Then, it follows that F is closed in X × Y ′, G is open in X × Y ′ and F ⊂G. Notice that
X × Y ′ is normal, since it has a locally finite closed cover of normal subspaces X × Zβα
(α < γ, β < κ). Hence, there exist continuous functions ψ , g :X × Y ′ → I such that
F ⊂ ψ−1({1}), X × Y ′ − G ⊂ ψ−1({0}) and g|(A ∩ (X × Y ′)) = f |(A ∩ (X × Y ′)).
The continuous function h :X × Y → I defined as in Lemma 2.2 satisfies Fi ⊂ h−1({i})
(i = 0,1) (see Remark 2.3). It follows that X× Y is normal.
(2)⇒ (3): Obvious.
(3)⇒ (1): Since A(γ ) and λ+1 can be seen as closed subspaces of A(⊕α<γ (λ+1)α),
by [1] and [19, Corollary 3.7], it follows. It completes the proof. ✷
Proof of Corollary 3.4. By Proposition 3.3, (1)⇒ (2) follows. The implication (2)⇒ (3)
are obvious, and (3)⇒ (1) follows by [1] immediately. ✷
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